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Abstract 

The relationship between the exactness of a first order differential calculus on a comodule 
algebra P and the Galois property of P is investigated. 



Hopf-Galois extensions describe quantum principal bundles the same way Hopf algebras describe 
quantum groups. A Hopf algebra H plays the role of the structure group, and the total space of a 
bundle is replaced by a right ff-comodule algebra P. More precisely, we have: 

Definition 1 Let H be a Hopf algebra, P a right H -comodule algebra with the coaction : P — > 
P H, and B := P'^"^ — {p g p | A/j p = p 1} the subalgebra of all right coinvariants. We 
say that P is a Hopf-Galois extension (or H -Galois extension) of B iff the canonical left P -module 
right H -comodule map 

can := (m ig) id) o{id®B Ar) : P ®bP — > P <^ H, 
where m is the multiplication map, is bijective. 

A Hopf-Galois extension can also be defined with the help of the universal differential calculus 
(see p-T96| , Proposition 1.6 in [ p-P96| ): 



Proposition 2 Let P be a right H-comodule algebra and B the subalgebra of all coinvariants of 
P, as in Definition Let ^l^P, Vl^B and := Kere denote the universal calculus (kernel of 
the multiplication map) on P, B and the augmentation ideal (kernel of the counit map e) of H, 
respectively. Then P is an H -Galois extension if and only if the following sequence of left P -modules 
is exact: 

— > P{n^B)P — >9}P^P(^H+ — ^0. (1) 

Here can is the appropriate restriction of the map {m id) o {id ® A/j) : P ® P ^ P ® H . 
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Recently, it has been observed |BH97, Proposition 2.3] that the analogous differential formu- 
lation holds true for a more general notion of a coalgebra-Galois extension. Another direction for 
broadening the context of (jl]) is to consider a general differential calculus on P. Let Np C Q}p be a 
P-submodule defining a first order right covariant {/S.r{Np) C Np0H) calculus Q,^{P) := Q^P/Np , 
and Rh ^ H an adij-invariant right ideal defining a bicovariant differential calculus on H | [W-S8S| j. 
Then one might demand that there exists an exact sequence of left P-modules: 



Pn\B)P — >Q^{P) ^ P^ {H+/Rh) — > , 



(2) 



where x is the quotient map obtained from can. Sequence (^) is a starting point of the quantum- 
group gauge theory proposed in | BM93 | and continued in | H-P96 ]. 



It is natural to expect that the Galois property of an extension B Q P (bijectivity of can) 
together with some compatibility conditions on Np and Rh will ensure the existence of exact 
sequence (^). One can also ask when the existence and exactness of (^) entails the Galois property 
for B C P. The aim of this note is to provide an answer to this question: 



Proposition 3 Let H be a Hopf algebra and P a right H-comodule algebra. Let Np be a P- 

subbimodule of Vt^P := Kerm, fi\P) := Q}P/Np a first order differential calculus on P, and V 

a vector subspace of := Kere satisfying the compatibility condition ccm{Np) = P ®V . Then 
there exists a map 



X:n\P)^P0{H+/V), xi[c^W)-=iid®7rH)ixia)), H+ 
and the following statements are equivalent.' 

1. P is an H-Galois extension of B := P"^"^. 

2. The sequence of left P-modules 

^ pn^{B)p ^n^{p) ^ P(S) (H+fv) 

is exact and (Np D Kevcan) C P{n^B)P. 



H+/V, 



(3) 



Proof. First observe that we have a commutative diagram (of left P-modules) with exact rows and 
columns: 



Kerx 

1 

Np 

X 

P®V 

1 





-4 i^lP 



TTp 



Ker can > Ker x 

1 

Si'(P) 

P(S)H+ > P(S){H+/V) 



1 



Coker can 



Coker x 



(4) 
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where x is the appropriate restriction of can. By the Snake Lemma (e.g., see Section 1.2 in [ B-N8C1|] ), 
we have an exact sequence: 

— > Kerx — ^ Ker can — > Ker^ — > — > Coker mn — > Coker^ — ^ 0. (5) 

Note also that Ker x = Np n P{^^B)P, as a consequence of diagram (Q). 

Assume now that {Np n Ker can) C P{n^B)P and (|) is exact. Then Coker x = 0, and by the 
exactness of @, Coker can = Coker x = 0. Next, as {Np n Ker can) C P{0,^B)P (by assumption) 
and P{Q}B)P C Ker can (because can(p(l ®b — b® l)p') = 0), we have 

Kerx = iVp n Ker can = iVp n Ker con n P(S1^S)P = Npr\ P{n^B)P. 

On the other hand, we have an exact sequence 

^ A^P n p{n^B)p ^ p{n^B)p A p9}{b)p o, (6) 

where vr is the canonical surjection. Combining this sequence with the first part of (^) and taking 
advantage of Ker x = Np n P{Q}B)P and the exactness of (^, we get the following commutative 
diagram with exact rows: 

— > Npr\P(9}B)P ^ P{9}B)P — > Pn\B)P — > 

|id |id |c |id jid (7) 

— > NpnP{n^B)P ^ Ker can — > Pn\B)P — > . 



Therefore, by the Five Isomorphisms Lemma (e.g., see | B-N80| , Section 1.2, Corollary 3]), P{il,^B)P = 
Ker can. Thus we have shown that Coker can = and Ker can = P{n^B)P. Now it follows from 
Proposition ^ that P is an ff-Galois extension. 

Conversely, assume that P is an ff-Galois extension. Then again by Proposition ^, Ker can = 
P{9}B)P and Coker can = 0. With the help of (^), the latter implies that Coker x = 0. As 
Ker can = P{Q^B)P, the first part of (|5|) can be written as the following exact sequence: 

^ A^P n P{n^B)P ^ P{n^B)P A Ker x ^ 0, (8) 

so that Kerx = PO,^{B)P. Thus we have shown that (|3|) is exact. To complete the proof it suffices 
to note that A^p n Ker can = A^p n P{n^B)P C P{n^B)P. □ 



Note that to give (^) a more differential-geometric meaning, one assumes that V = Rh is an 
ad/j-invariant right ideal of H, so that the corresponding differential calculus on H is bicovariant. 
For the same reason, one also assumes that Ap(A^p) C A^p H, so that ^\P) '■= Q^P/Np is right 
covariant. These particulars are not assumed in Proposition |3| as they are unnecessary to prove it. 
To end this note, let us provide an alternative to Proposition |3|: 
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Proposition 4 Let H be a Hopf algebra and P a right H-comodule algebra such that the canonical 
map P®bP P®H is surjective. Let ^\P) ■= Vt^P/Np be a first order differential calculus on P, 
and V a vector subspace of := Kere satisfying the compatibility condition can{Np) C P (g) y. 
Then the following statements are equivalent; 

1. P is an H-Galois extension of B := p^°^ and P (^V can{Np). 

2. The sequence of left P-modules 

O^Pn^{B)P^n^{P)^P®{H+/V)^0, (9) 
where x is defined as in Proposition ^, is exact and {Np n Ker can) C P(Q}B)P. 

Proof. This proof is very similar to the proof of Proposition ^ Note first that the surjectivity of 
can implies the surjectivity of (m(g) id) o (id® Aij) :P^P^P®H. With the help of P^P9^ , (3)], 



this in turn implies Coker can = 0. Again, we can take advantage of the Snake Lemma to obtain 
an exact sequence 

— > Kerx — > Ker con — > Kerx — > Coker x — > — > Coker x — > 0. (10) 



Assume first that (^) is exact and {Np fl Ker can) C P{Q}B)P. It follows from the exactness of 
(|) that Kerx = P^\B)P. Hence, as P(O^S)PC Ker can, the canonical quotient map Ker can — > 
Kerx = P^\B)P of sequence ( p!oD is necessarily surjective. Consequently, from the exactness 
of (p!o[), we can infer that Coker x = 0, i.e., cmi{Np) = P(^V . We already know that Coker can = 
and can now proceed as in the proof of Proposition ^ to show that P is an i/-Galois extension. 

Conversely, assume that P is an i^-Galois extension of B := P""^ and P F C can{Np). The 
latter implies that Coker x = 0. Now one can argue as in the proof of Proposition ^ to conclude 
that (|) is exact and {Np n Ker can) C P{n^B)P. □ 
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